Then there exist the following superpositions (according to the definition in (Kapur et al., 1988) ):
o, = (f(g( h (xl, yl) ) ), A, l,~ rl, 1, 12-~ r2, {x2 ~ xl , y2 ~ yl}) o2 = (g(h (xz, Y2) ), A, 12-~ r2, 1,/3 ~ r3, {x3 ~-x2, Ya ~ Y2}) o3 = (f(g(h (x,, y,))), A, 11 -~ rl, 1.1,/3 ~ r3, {xa ~ xl, Y3 * Y~}) (i) If the completion procedure with the criterion of Kapur et al. (1988) is started with input ~t and <, then the superposition Ol will be eliminated (ol is composite), independently of the order in which these superpositions are treated. The consideration of the remaining superpositions will lead to: 02:
g'(x2) and g(f(h'(a))) are irreducible and incomparable;
(49(g'(x2)) = 2; d? (g(f'(h'(a) )))=5 and Ig'(x2)l 2> Ig(f'(h'(a)))lx2) 03:
f' (h'(xl) ) and f(g(f'(h'(a)))) are irreducible and incomparable;
(4(f'(h'(x~))) = 4; do(f(g(f'(h'(a))))) = 6 and [f' (h'(xl) ) [,q > [f(g(T(h'(a) )))l~L)
There are no further superpositions. Thus, the Knuth-Bendix completion algorithm stops with failure. It is obvious that this stop cannot be prevented by postponing critical pairs, by changing the reduction strategy and even not by considering the superpositions in a different order.
Otherwise, if the criterion of Kapur et aL (1988) is not used, then the Knuth-Bendix algorithm will stop with success:
f (g(h(xt, y,) ))
,f (g'(x,)) new rule: f'(h'(xs)) o f(g'(xs)) (15:=f'(h'(xa)); r, :=f(g'(xs))) O2:
O3:
..... , g(f(g'(a))) ~ a s4~r, new rule: g'(x6)) ~a (16:=g'(x6) ;rr:=(a)
,
Superposition between g'(xr) ~ a and g(f(g'( a) ) )-~ a: 04=(g(f(g'(a))), A, 14-+ r4, 1.1, 16-> r6, {xr~-a}) 04: g(f(a)) ~ a} as the completed system. Note that the system ~ or ~ u{f(g(f(a)))~f(a)} will always be generated if the technique of postponing critical pairs is used. In that ease the success of the algorithm depends neither on the order in which the superpositions are treated nor on the reduction strategy used.
Hence, the use of the criterion developed by Kapur et al. (1988) in the completion procedure may lead to an unnecessary stop with failure. A lot of similar examples can be constructed. For example, if o3 does not exist or its corresponding critical pair is confluent, but 02 leads to an incomparable pair, then ol may be necessary to solve this incomparable pair. The same problem may also arise if o2 is eliminated too. In this ease the connectedness of the corresponding critical pair below the term from which it is derived is established by other critical pairs if the completion procedure terminates with success. But, if one of these critical pairs is incomparable, ol may be necessary to solve this critical pair.
One may argue that the term rewriting system ~ is not interreduced. If ~ gets interreduced before any superposition is computed, then it depends on the strategy used for interreduction whether the Knuth-Bendix completion algorithm stops with success or with failure. In this example interreduction of the first rule by the second one is similar to overlapping these two rules. Thus, this interreduction leads to the key-rule f ' ( h ' ( x s ) ) f ( g ' ( x s ) ) and a complete system can be generated as mentioned. But, if the first rule is interreduced by the third one, then the superposition o~ is omitted and a stop with failure cannot be prevented.
However, the use of interreduction may not always solve these problems:
These rules are oriented according to the Knuth-Bendix ordering < with the following weight function ~b:
6(g') = 6 ~b(f) = ~b(h) =4 6 ( g ) = g a ( h ' ) =~( a ) = l ~b(y) = 1 VyE and any precedence. Then there exist the following superpositions:
ol --( f ( g ( x l , a, a, h(a) )), A, ll ~ rl, 1, {Yt +" a, zl ~ h(a) , x2 ~ xl, Y2 ~ a}) 02 = (g( x2, a, a, h ( a ) ), A, 12 ~ r2, 4, 13 ~ r3, {yz ~ a}> (i) In this example the set of rules is interreduced. Thus, superpositions have to be computed in order to complete N2.
Since ol is composite it will be eliminated if the criterion of Kapur et aL (1988) is used. There remains only the consideration of the superposition o2. But, since the corresponding critical pair is irreducible and incomparable the completion algorithm will stop with failure:
02: g(x2, a, a, h( a ) )
g'(a, a) g(x2, a, a, h'(a)) g'(a, a) and g (x2, a, a, h'(a) ) are irreducible and incomparable;
(qh(g'(a, a)) = 8; ck(g(x2, a, a, h'(a) )) = 6 and tg(x2, a, a, h'(a))[x2> [g'(a, a)t,: 2) (ii) As in the previous example such a failure will not occur, if the criterion of Kapur et al. (1988) is not applied: g(xl, a, a, h(a) )) ( \ ~ f (g'(a, a) (g'(a, a) ) ~ a: 03 =(f (g'(a, a) ), A, 14-~ r4, 1, 15~ 1"5, {xs~ a}) Superposition between g (X6, a, a, h'(a) )~ a and f(g(xl, Yl, zt))~ g' (xt, Yl) : 04x (f(g(xl, a, a, h'(a) )), A, 11-~ rl, 1, 16-r6, {yl~ a, zl~ h'(a) , x6# xl}) 04:
f (g(x,, a, a, h'(a) (x6, a, a, h'(a) )~ a; f(a) -',a} as the completed system.
Our first example has shown that there is a strong connection between critical pair criteria and interreduction (see also Kiichlin, 1985) . Therefore one may suppose that even interreduction may lead to an unnecessary stop with failure. Indeed such situations may arise: (i) Aside from the second rule all rules of ~3 are in reduced form. The right-hand side of the second rule is also irreducible, while the left-hand side can be reduced to g(x2, Y2, h'(x2)) by the third rule. But, g'(x2, Y2) and g(x2, y~, h'(x2)) are incomparable (~b(g'(x2, Y2)) = 6; ~b(g(x2, Y2, h'(x2))) = 5 and Ig(x2, Y2, h'(x2))lx2 > Ig'(x2, Yz)lx~). Thus, the interreduction of ~3 will result in a failure.
If the criterion of Kapur et al. (1988) is used, then the same problem will arise too.
In that case the superposition o~ will be eliminated and the same incomparable pair is generated by overlapping 12-~ r2 and l 3 -> r 3 . (ii) On the other hand, if the superposition ol is considered, that means if it is not eliminated, neither by the criterion of Kapur et al. (1988) nor by interreduction, then ~a will be completed with success by the Knuth-Bendix algorithm:
[l-+rl o1:
;
-"-f '(h(a) , h(a)) / f (xl, g( a, h( a) , h( a))) \ ~f (xl, g'(a, h(a) h'(x6) ~ a}
We have constructed these counter-examples when comparing extensively the critical pair criterion of Kapur et al. (1988) with those of Winkler & Buchberger (1983) (see also Winkler, 1984) and Kiichlin (1985) . If the criterion of Winkler & Buchberger or that of Kiichlin is used, these kinds of unnecessary stops with failure may not arise. Elimination of a superposition by one of those two criteria implies that the corresponding critical pair is connected below the term from which it is derived. Nevertheless, eliminating such a superposition may also result in an unnecessary failure. But, in all eases known to us these failures can be prevented by postponing critical pairs, by changing the reduction strategy used or by considering the superpositions in a different order (in a way that the same superpositions are still eliminated) (Sattler-Klein, 1987) .
Furthermore, we have also transferred all these criteria on string rewriting systems and developed a new criterion that is in a certain sense stronger than the other ones (Sattler-Klein, 1987) .
These criteria and some variants have been integrated in our completion systems COMTI~S (completion system for term rewriting systems) (Sonntag, 1988) and COSY (completion system for string rewriting systems) (Sattler-Klein, 1991 ) . Extensive test series have been made. A report about our research on this topic will be available soon (Miiller et al., 1991) .
